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Abstract
Two-point functions, the mean field squared and the vacuum expectation value (VEV) of
the energy-momentum tensor are investigated for the electromagnetic field in the geometry of
parallel plates on background of (D+1)-dimensional dS spacetime. We assume that the field is
prepared in the Bunch-Davies vacuum state and on the plates a boundary condition is imposed
that is a generalization of the perfectly conducting boundary condition for an arbitrary number
of spatial dimensions. It is shown that for D ≥ 4 the background gravitational field essentially
changes the behavior of the VEVs at separations between the plates larger than the curvature
radius of dS spacetime. At large separations, the Casimir forces are proportional to the inverse
fourth power of the distance for all values of spatial dimension D ≥ 3. For D ≥ 4 this behavior
is in sharp contrast with the case of plates in Minkowski bulk where the force decays as the
inverse (D + 1)th power of the distance.
PACS numbers: 04.62.+v, 04.20.Gz, 04.50.-h, 11.10.Kk
1 Introduction
The nontrivial properties of the quantum vacuum are manifested in its response to external influ-
ences. In the present paper, for the electromagnetic vacuum, we consider a problem with two kinds
of influences: background gravitational field and boundaries constraining the zero-point fluctua-
tions of the electromagnetic field. In order to have an exactly solvable problem we study highly
symmetric bulk and boundary geometries. Namely, we consider the de Sitter (dS) spacetime as
a background geometry and two parallel plates with perfectly conducting boundary conditions.
By taking into account that the higher-dimensional models play an important role in high-energy
physics, in particular, in string theories and in supergravity, we shall assume a general value of the
spatial dimensionD. The dS spacetime is among the most popular backgrounds in the gravitational
physics. This geometry is of key importance in the inflationary cosmology [1], according to which
at the early stages of the cosmological expansion our Universe passed through a phase with the
geometry well approximated by dS spacetime. Quantum fluctuations during an inflationary epoch
generate inhomogeneities which play a central role in the formation of large scale cosmic structures.
From the other side, at the present epoch the Universe is accelerating and the expansion can be
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well approximated by a homogeneous and isotropic model with a positive cosmological constant as
the dark energy. In this case, the dS spacetime is a future attractor for the large scale geometry
of the Universe. Consequently, the investigation of physical effects in dS background is important
for understanding the both early and late stages of the Universe expansion.
In quantum field theory, the interaction of fluctuating quantum fields with a classical background
gravitational field leads to the polarization of the vacuum. For the dS geometry this effect has been
widely discussed in the literature (for reviews see [2]). The presence of boundaries with prescribed
boundary conditions on the field operator gives rise to another type of vacuum polarization known
as the Casimir effect [3]. The boundaries can have different physical natures like macroscopic
bodies in QED, interfaces separating different phases, horizons in gravitational physics, the branes
in higher-dimensional field-theoretical models and in string theories. Historically, the first example
of the Casimir effect has been considered for the electromagnetic field in the geometry of two
neutral parallel metallic plates [4]. Casimir showed that the plates attract each other through the
force which is proportional to the inverse fourth power of the distance between them. The vacuum
energy density and the stresses are located in the region between the plates and their distribution
in this region is uniform [5]. The latter property is a consequence of the conformal invariance of the
electromagnetic field in 4-dimensional spacetime. The vacuum expectation values (VEVs) of the
mean electric and magnetic field squared have been discussed in [6, 7]. These VEVs are not uniform
and they diverge on the plates. The Casimir densities for the electromagnetic field in an arbitrary
number of spatial dimensions D are investigated in [8]. For D > 3, the electromagnetic field is not
conformally invariant and the distributions of the vacuum energy density and of the stresses parallel
to the plates are not uniform (see below). In all these considerations of the electromagnetic Casimir
effect for parallel conducting plates the background geometry was Minkowskian. The Casimir force
with the same geometry of boundaries and in the presence of an extra dimension compactified on
a circle is investigated in [9].
An important direction in the investigations of the Casimir effect is the explicit dependence of
the characteristics of the vacuum state on the geometry of the background spacetime. The scalar
Casimir densities in dS spacetime, induced by planar and spherical boundaries with Robin bound-
ary conditions, are studied in [10] (special cases of conformally and minimally coupled massless
scalar fields are considered in [11]). It has been shown that the background gravitational field deci-
sively influences the VEVs of physical observables at distances from the boundaries larger than the
curvature scale of the dS spacetime. For the same background, similar features were observed in
the topological Casimir effect, induced by toroidal compactification of spatial dimensions [12]. The
scalar vacuum densities in background spacetimes with dS and anti-de Sitter (AdS) bubbles are
considered in [13]. The electromagnetic Casimir densities for a conducting plate in dS spacetime
have been investigated in [14]. The case of the electromagnetic field in background of Friedmann-
Robertson-Walker cosmological models with power-law scale factors is discussed in [15] (for the
electromagnetic Casimir effect in Randall-Sundrum braneworld models on AdS bulk see [16] and
references therein).
The present paper is organized as follows. In the next section, by using the complete set of the
mode functions for the electromagnetic field, we construct the two-point function for the electro-
magnetic field tensor in the geometry of two conducting plates in background of (D+1)-dimensional
dS spacetime. This function is presented as the sum of boundary-free two-point functions corre-
sponding to an infinite sequence of image sources. The mean electric field squared and the VEV
of the energy-momentum tensor in the region between two plates are investigated in Section 3.
Various limiting cases are discussed in detail. The Casimir forces acting on the plates are studied
in Section 4. The main conclusions of the paper are summarized in Section 5.
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2 Electromagnetic two-point functions
Consider two perfectly conducting plates in the background of (D + 1)-dimensional dS spacetime.
In inflationary coordinates, the geometry is described by the line element
ds2 = dt2 − e2t/α(dz)2, z = (z1, z2, . . . , zD), (1)
where the parameter α is expressed in terms of the positive cosmological constant Λ by the relation
α2 = D(D − 1)/(2Λ). Introducing the conformal time τ in accordance with τ = −αe−t/α, −∞ <
τ < 0, the metric tensor is written in the conformally flat form: gµν = (α/τ)
2 ηµν with ηµν being
the metric tensor for Minkowski spacetime. In what follows we shall work in spacetime coordinates
(τ, z).
We assume that the plates are placed at zD = 0 and zD = L and the electromagnetic field is
prepared in the Bunch-Davies vacuum state |0〉. Among the set of dS-invariant quantum states, the
Bunch-Davies vacuum is the only one for which the ultraviolet behavior of the two-point functions
is the same as in Minkowski spacetime. On the plates the field obeys the boundary condition [17]
nν1 ∗Fν1···νD−1 = 0, where
∗Fν1···νD−1 is dual to the electromagnetic field tensor Fµν = ∂µAν − ∂νAµ
and nµ is the normal to the plates. This condition is a generalization of the perfectly conducting
boundary condition in electrodynamics for models with an arbitrary number of spatial dimensions.
For the coordinates and for the momentum components parallel to the plates we shall use the
notations z‖ = (z
1, ..., zD−1) and k‖ = (k1, ..., kD−1). In the regions z
D < 0 and zD > L the VEVs
are the same as those in the geometry of a single plate located at zD = 0 and zD = L, respectively.
This geometry is considered in [14] and below we shall be mainly concerned with the region between
the plates, 0 < zD < L. In this region, the mode functions for the vector potential Aµ(x), x = (τ, z),
realizing the Bunch-Davies vacuum state and obeying the gauge conditions A0 = 0, ∇µAµ = 0,
have the form
A(σk)l(x) = iCǫ(σ)lη
D/2−1H
(1)
D/2−1(kη) sin
(
kDz
D
)
eik‖·z‖ , (2)
for the components with l = 1, . . . ,D − 1, and
A(σk)D(x) = Cǫ(σ)Dη
D/2−1H
(1)
D/2−1(kη) cos
(
kDz
D
)
eik‖·z‖ , (3)
where η = |τ |, k = (k‖, kD), k =
√
k2D + k
2
‖ and k‖ · z‖=
∑D−1
l=1 klz
l. In these expressions,
H
(1)
D/2−1(kη) is the Hankel function of the first kind and for the polarization vectors ǫ(σ)l, with
σ = 1, ...,D − 1, one has the transverse condition ∑Dl=1 ǫ(σ)lkl = 0 and the relations
D∑
l=1
ǫ(σ)lǫ(σ′)l = δσσ′ ,
D−1∑
σ=1
ǫ(σ)lǫ(σ)m = δlm −
klkm
k2
. (4)
The modes (2) and (3) obey the boundary condition on the plate zD = 0. From the boundary
condition at zD = L for the eigenvalues of the component of the momentum normal to the plates
we get
kD = πn/L, n = 0, 1, ... (5)
For the normalization coefficient one finds
|C|2 = (2πα)
3−D
2(1 + δn0)L
. (6)
Note that for a general dS-invariant vacuum state, in the mode functions (2) and (3) a linear
combination of the Hankel functions H
(1)
D/2−1(kη) and H
(2)
D/2−1(kη) appears instead of the function
H
(1)
D/2−1(kη). The choice of the coefficient in the linear combination fixes the vacuum state.
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Having a complete set of mode functions, we can evaluate the two-point function Wlm(x, x
′) =
〈0|Al(x)Am(x′)|0〉 for the vector potential by using the mode-sum formula
Wlm(x, x
′) =
D−1∑
σ=1
∞∑
n=0
∫
dk‖A(σk)l(x)A(σk)m(x
′). (7)
By applying to the sum over n the Poisson resummation formula, this function is presented in the
form
Wlm(x, x
′) =
∞∑
n=−∞
+1∑
j=−1
j1−δmDW
(0)
lm (x, x
′
j,n), (8)
where W
(0)
lm (x, x
′) is the corresponding function in boundary-free dS spacetime and
x′±1,n =
(
τ ′, z′‖,±zD′ + 2nL
)
. (9)
In (8), the term j = +1, n = 0 corresponds to the boundary-free function. The terms j = −1, n = 0
and j = −1, n = +1 correspond to the parts in the two-point function induced by single plates at
zD = 0 and zD = L, respectively, when the second plate is absent. The two-point functions for
both massive and massless vector fields in dS spacetime are considered in [19]. Recently, it has been
shown that the infrared pathologies of the photon two-point function in dS spacetime are purely
gauge artifacts [20].
A formula similar to (8) is obtained for the two-point functionWlm,pq(x, x
′) = 〈0|Flm(x)Fpq(x′)|0〉
corresponding to the field tensor:
Wlm,pq(x, x
′) =
∞∑
n=−∞
+1∑
j=−1
j1−δpDW
(0)
lm,pq(x, x
′
j,n), (10)
withW
(0)
lm,pq(x, x
′) being the function for the boundary-free dS geometry. Introducing the notations
BD = (4π)
(D−1)/2 Γ
(
D + 3
2
)
, z = 1 +
(η − η′)2 − |∆z|2
4ηη′
, (11)
with ∆z = z− z′, for the components of the boundary-free two-point function one has [14]
W
(0)
0l,0m(x, x
′) =
(ηη′)−2
2BDαD−3
[
(δlpδmq − δlmδpq) ∆z
p∆zq
2ηη′
∂z + (D − 1)δlm
]
GD(z),
W
(0)
lm,0p(x, x
′) =
(ηη′)−2
BDαD−3
δ[lpδm]q
∆zq
η′
[
2 + (z − η + η
′
2η
)∂z
]
FD(z), (12)
W
(0)
lm,pq(x, x
′) =
(ηη′)−2
BDαD−3
(
δ[lrδm][pδq]s
∆zr∆zs
ηη′
∂z + 2δ[lpδm]q
)
FD(z),
where l,m, p, q = 1, 2, . . . ,D, and the expression for the component W
(0)
0p,lm(x, x
′) is obtained from
that for W
(0)
lm,0p(x, x
′) by changing the sign and by the interchange η ⇄ η′. In (12), the square
brackets enclosing the indices mean the antisymmetrization over these indices and we have defined
the functions
FD (z) = Γ (D)F
(
D, 2;
D + 3
2
; z
)
,
GD (z) = 2Γ (D − 1)F
(
D − 1, 3; D + 3
2
; z
)
, (13)
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with F (a, b, c; z) being the hypergeometric function.
In what follows, we shall need the asymptotic expressions of the functions (13) (see also [14]).
For 0 < 1− z ≪ 1, by using the asymptotic expansion for the hypergeometric function [21], to the
leading order one has
FD (z) ≈ GD (z) ≈ (D + 1) Γ
2((D + 1)/2)
2(1 − z)(D+1)/2 . (14)
In the region z ≪ −1, by making use of the linear transformation formulas relating the hypergeo-
metric functions with the arguments z and 1/z [21], for the function FD (z) we get
FD (z) ≈ (D2 − 1)Γ(D − 2)
4(−z)2 , D > 2,
FD (z) ≈ Γ((D + 3)/2)
2D−1
√
π(−z)D Γ (D) Γ(1−D/2), D < 2. (15)
For D = 2 one has FD (z) ≈ 3(−z)−2[ln(−4z)− 1]/4. In a similar way, for the function GD (z) one
finds
GD(z) ≈ (D
2 − 1)(D − 3)
4(−z)3 Γ(D − 4), D > 4,
GD(z) ≈ Γ(D − 1)Γ((D + 3)/2)Γ(2 −D/2)
2D−3
√
π(−z)D−1 , D < 4, (16)
and G4(z) ≈ 3(−z)−3 [2 ln (−4z)− 3] for D = 4.
On the base of the representation (10), the two-point function can be presented in the decom-
posed form
Wlm,pq(x, x
′) =W
(0)
lm,pq(x, x
′) +W
(b)
lm,pq(x, x
′), (17)
where the boundary-induced part W
(b)
lm,pq(x, x
′) is given by the right-hand side of (10) omitting the
term with j = +1, n = 0. Here we consider a free field theory and all the properties of the vacuum
state are encoded in the two-point functions. In the next sections we consider the Casimir densities
and the forces acting on the plates.
3 Casimir densities
3.1 Mean field squared
We start the investigation of the VEVs in the region between the plates by evaluating the mean
electric field squared. For D = 3 it determines the Casimir-Polder force acting on a polarizable
particle placed near the plates. The VEV of the electric field squared is obtained from the two-point
function in the coincidence limit of the arguments:〈
E2
〉
= −g00glm lim
x′→x
W0l,0m(x, x
′). (18)
For points away from the plates, the divergences in this limit are contained in the boundary-free
part and the renormalization is needed for this part only. The renormalized VEV is presented in
the form 〈
E2
〉
=
〈
E2
〉
0
+
〈
E2
〉
b
, (19)
where
〈
E2
〉
0
is the renormalized VEV in boundary-free dS spacetime and the part
〈
E2
〉
b
is induced
by the plates. The latter is obtained by the formula similar to (18) with the function W
(b)
0l,0m(x, x
′).
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Introducing the notations
un = 1− (nL/η)2 ,
vn = 1−
(
zD − nL)2 /η2, (20)
in the region between the plates the boundary-induced contribution is presented in the form
〈
E2
〉
b
=
D − 1
2BDαD+1
{
2
+∞∑
n=1
[2 (un − 1) ∂un +D]GD(un)
−
+∞∑
n=−∞
[2 (vn − 1) ∂vn +D − 2]GD(vn)
}
. (21)
This contribution depends on zD, L and η through the combinations zD/η and L/η. These ratios
are the proper distance from the left plate and the proper separation between the plates measured
in units of the dS curvature scale α. This property is a consequence of the maximal symmetry of
the background spacetime and of the Bunch-Davies vacuum state. In (21), the n = 0 and n = 1
terms of the last series are the contributions induced by single plates at zD = 0 and zD = L,
respectively, when the second plate is absent. The surface divergences are contained in these two
terms and, hence, for points near the plates they dominate in the VEV of the electric field squared.
In particular, near the left plate, zD/η ≪ 1, by using (14), to the leading order one has
〈E2〉b ≈ 3 (D − 1) Γ((D + 1)/2)
2(4π)(D−1)/2(αzD/η)D+1
. (22)
As is seen, near the plates the mean field squared is positive.
For D = 3, by using G3(z) = 2/(1 − z)2, from the general formula one finds
〈
E2
〉
b
=
3ζ4(z
D/L)− 2ζ(4)
4π (αL/η)4
, (23)
with ζ (s) being the Riemann zeta function, ζ(4) = π4/90, and we have introduced the function
ζp(x) =
∞∑
n=−∞
1
|n− x|p = ζ(p, x) + ζ(p, 1− x). (24)
Here ζ(p, x) is the Hurwitz zeta function. The electromagnetic field is conformally invariant for
D = 3 and the expression (23) is related to the corresponding result for the plates in Minkowski
spacetime with the separation L by the formula
〈
E2
〉
b
= (η/α)4
〈
E2
〉(M)
b
. In the case D = 5, by
making use of the expression G5(z) = 12/(1 − z)3, we get
〈
E2
〉
b
=
3ζ6(z
D/L)− 2ζ(6)
4π2 (αL/η)6
, (25)
with ζ(6) = π6/945.
Let us consider the mean field squared in the limits of small and large proper separations between
the plates. When the proper separation of the plates is small compared to the dS curvature radius,
L/η ≪ 1, the curvature effects are small, and one can see that, to the leading order, the VEV of
the electric field squared coincides with that for plates in Minkowski spacetime with the separation
αL/η: 〈
E2
〉
b
≈ (D − 1) Γ ((D + 1) /2)
2 (4π)(D−1)/2 (αL/η)D+1
[
3ζD+1(z
D/L)− 2ζ (D + 1)] . (26)
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It can be seen that the expression in the right-hand side of (26) is obtained from the results of [8]
for
〈
E2D
〉
and
〈
E2l
〉
, l = 1, . . . ,D − 1, in Minkowski bulk. For D = 3 and D = 5, the leading term
(26), coincides with the exact expressions (23) and (25). By taking into account that ζp(x) > ζ(p)
for 0 < x < 1, from (26) we conclude that at small separations the mean electric field squared is
positive.
When the proper separation between the plates is large, L/η ≫ 1, the effects from the curvature
of the background spacetime are essential. Assuming that zD, L − zD ≫ η and by using the
asymptotic formulas (16), we get
〈
E2
〉
b
≈ (D − 1)Γ (D/2− 2)
8πD/2αD+1 (L/η)6
[
(D − 6)ζ(6)− (D/2− 4) ζ6(zD/L)
]
, (27)
for D > 4 and
〈
E2
〉
b
≈ −2
3−2DΓ(D)Γ(2−D/2)
πD/2αD+1 (L/η)2(D−1)
[
2 (D − 2) ζ(2(D − 1))−Dζ2(D−1)(zD/L)
]
, (28)
for D < 4. In the case D = 4 the asymptotic has the form
〈
E2
〉
b
≈ − 3α
−5
π2 (L/η)6
[
+∞∑
n=1
ln (nL/η)
n6
−
+∞∑
n=−∞
ln
(∣∣zD − nL∣∣ /η)
(zD/L− n)6
]
. (29)
Again, for D = 3 and D = 5, the expressions (28) and (27) coincide with the exact results (23)
and (25), respectively. With dependence of D and zD/L, the boundary-induced VEV
〈
E2
〉
b
can
be either positive or negative.
3.2 Energy-momentum tensor
Another important characteristic of the vacuum state is the VEV of the energy-momentum tensor.
It describes the local structure of the vacuum state and plays an important role in modeling the
self-consistent dynamic involving the gravitational field.
Having the two-point function for the electromagnetic field tensor we can evaluate the VEV of
the energy-momentum tensor by making use of the formula
〈Tµν〉 = 1
4π
gβρ lim
x′→x
[
−Wµβ,νρ(x, x′) + 1
4
gµνg
σsWσβ,sρ(x, x
′)
]
. (30)
Of course, the expression in the right-hand side is divergent and some renormalization procedure
is needed. The important thing here is that we have already decomposed the two-point functions.
This allows us to have a similar decomposition of the vacuum energy-momentum tensor:〈
T νµ
〉
=
〈
T νµ
〉
0
+
〈
T νµ
〉
b
, (31)
with the boundary-free,
〈
T νµ
〉
0
, and boundary-induced,
〈
T νµ
〉
b
, parts. For points outside the plates
the local geometry is not changed by the presence of the plates and the divergences in
〈
T νµ
〉
and〈
T νµ
〉
0
are the same. Hence, with the decomposition (31), for the points outside the plate the
renormalization of
〈
T νµ
〉
is reduced to the one for boundary-free dS spacetime. Because of the
maximal symmetry of de Sitter spacetime and the Bunch-Davies vacuum state, the corresponding
VEV of the energy-momentum tensor is proportional to the metric tensor:
〈
T νµ
〉
0
= const · δνµ.
Our main interest here is the boundary-induced part in the VEV of the energy-momentum
tensor. It is obtained by using the formula (30) with the function W
(b)
µβ,νρ(x, x
′). In the region
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between the plates, for the diagonal components of vacuum energy-momentum tensor one finds (no
summation over µ)
〈
T µµ
〉
b
=
D − 1
16παD+1BD
[
2
+∞∑
n=1
U (µ) (un) +
+∞∑
n=−∞
V (µ) (vn)
]
. (32)
Here we have introduced new functions
U (0) (u) = [2 (u− 1) ∂u +D]F (+)D (u),
U (l) (u) =
[
2
D − 3
D − 1 (u− 1) ∂u +D − 2
]
F
(−)
D (u)− 2FD(u), (33)
U (D) (u) = − [2 (u− 1) ∂u +D − 2]F (+)D (u) + 2(D − 3)FD(u),
and
V (0) (u) = [2 (u− 1) ∂u +D − 2]F (−)D (u)− 2 (D − 3)FD(u),
V (l) (u) = 2
D − 3
D − 1
[
(u− 1) ∂uF (+)D (y) + 2FD(u)
]
− (D − 4)F (−)D (u), (34)
V (D) (u) = − [2 (u− 1) ∂u +D]F (−)D (u),
with l = 1, 2, ....,D − 1 and
F
(±)
D (u) = FD(u)±GD(u). (35)
The expression (32) is symmetric with respect to the plane zD = L/2. In (32), the contributions of
the terms V (µ) (v0) and V
(µ) (v+1) correspond to the geometries with single plates at z
D = 0 and
zD = L, respectively, when the second plate is absent. For D > 3, the divergences on the plates
come from these terms.
The problem under consideration is not symmetric under the translations along the time coor-
dinate and along the zD coordinate. As a result of this, the vacuum energy-momentum tensor has
nonzero off-diagonal component
〈
TD0
〉
b
= −(D − 1)L/η
4πBDαD+1
+∞∑
n=−∞
(zD/L− n) [(vn − 1) ∂vn + 2]FD(vn), (36)
which describes the energy flux along the direction normal to the plates. The off-diagonal compo-
nent is antisymmetric with respect to the plane zD = L/2 and, hence, it vanishes at zD = L/2.
The n = 0 term in the right-hand side of (36) gives the energy flux induced by the plate at
zD = 0 when the right plate is absent. Similarly, the n = 1 term presents the energy flux in the
geometry of a single plate zD = L. The boundary-induced VEVs (32) and (36) depend on L, zD,
and η through the combinations L/η and zD/η. As we have noticed before, they are the proper
separation between the plates and the proper distance from the left plate measured in units of α.
For D > 4, for points near the plates the VEVs are dominated by single plate parts. In
particular, near the left plate, to the leading order one has [14] (no summation over l = 0, . . . ,D−1)
〈T ll 〉b ≈ −
η
zD
〈TD0 〉b ≈
D − 1
(zD/η)2
〈TDD 〉b ≈ −
(D − 3) (D − 1)Γ((D + 1)/2)
2(4π)(D+1)/2αD+1(zD/η)D+1
. (37)
The asymptotic expressions near the right plate are obtained by the replacement zD → L−zD. As is
seen, near the plates the diagonal components of the boundary-induced vacuum energy-momentum
tensor are negative and the energy flux is directed from the plates.
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By using F3(z) = 2/(1 − z)2 and the expression for G3 (y) given above, we can see that for
D = 3 one has 〈
T νµ
〉
b
= − π
2
720 (αL/η)4
diag(1, 1, 1,−3). (38)
This expression coincides with the standard result for the plates in Minkowski bulk [5] with the
separation αL/η. Again, this property is a consequence of the conformal invariance of the electro-
magnetic field in D = 3. Relatively simple expressions are also obtained for D = 5. In this case for
the diagonal components we get (no summation over µ)
〈
T µµ
〉
b
=
(αL/η)−6
32π3
∑
m=2,3
(−1)m
(L/η)2(m−3)
[
2U (µ,m)ζ(2m) + V (µ,m)ζ2m(z
D/L)
]
, (39)
with the coefficients
(U (0,2), U (1,2), U (5,2)) = (1,−1, 5), (U (0,3), U (1,3), U (5,3)) = (2, 2,−10),
(V (0,2), V (1,2), V (5,2)) = (−5,−1,−1), (V (0,3), V (1,3), V (5,3)) = (4, 4, 0). (40)
For D = 5 the expression of the off-diagonal component takes the form
〈
TD0
〉
b
=
ζ(5, zD/L)− ζ(5, 1− zD/L)
8π3α (αL/η)5
. (41)
Now we turn to the investigation of the asymptotic behavior for the components of VEV of the
energy-momentum tensor. First, we consider the limit when the proper separation between the
plates is small compared with the dS curvature radius, L/η ≪ 1. In this limit the gravitational
effects in the boundary-induced parts of the diagonal components are subdominant and to the
leading order one finds (no summation over µ)
〈
T µµ
〉
b
≈ − (D − 1) Γ ((D + 1)/2)
2 (4π)(D+1)/2 (αL/η)D+1
[
2ζ(D + 1) + (D − 3)ζD+1(zD/L)
]
, (42)
for µ = 0, 1, ...,D − 1, and
〈
TDD
〉
b
≈ D (D − 1) Γ ((D + 1)/2)
(4π)(D+1)/2 (αL/η)D+1
ζ(D + 1). (43)
The expressions (42) and (43) coincide with the corresponding results for parallel plates in Minkowski
bulk with the separation αL/η. For the energy flux, to the leading order, one gets
〈
TD0
〉 ≈ (D − 1)(D − 3)Γ((D + 1)/2)
2 (4π)(D+1)/2 α(αL/η)D
[
ζ(D, zD/L)− ζ(D, 1− zD/L)] . (44)
The flux is positive for 0 < zD < L/2 and negative for L/2 < zD < L. Note that for D = 5 the
expression in the right-hand side of (44) coincides with the exact result (41).
In the opposite limit, when the separation between the plates is large compared to the dS
curvature radius, that corresponds to L/η ≫ 1, and assuming also zD, L− zD ≫ η, for D > 4 to
the leading order one finds (no summation over µ)
〈
T µµ
〉
b
≈ (D − 1)Γ (D/2− 1)
26πD/2+1αD+1(L/η)4
[
2Uµζ(4) + Vµζ4(z
D/L)
]
, (45)
with the notations
U0 = D − 4, Ul = D − 4− 4D − 3
D − 1 , UD = D,
V0 = −D, Vl = VD = 4−D, (46)
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and l = 1, . . . ,D − 1. For the off-diagonal component, in the same limit, we get
〈TD0 〉b ≈
(D − 1)Γ (D/2− 1)
24πD/2+1αD+1(L/η)5
[
ζ(5, zD/L)− ζ(5, 1 − zD/L)] . (47)
Again, the flux is positive for 0 < zD < L/2 and negative for L/2 < zD < L.
In figure 1 we have plotted the diagonal (left panel) and the off-diagonal (right panel) compo-
nents of the vacuum energy-momentum tensor as functions of zD/L for D = 4 dS spacetime. For
the left panel we have taken the separation between the plates corresponding to L/η = 2 and the
lower, middle, upper curves correspond to the components
〈
T 00
〉
b
,
〈
T 11
〉
b
,
〈
T 44
〉
b
, respectively. On
the left panel the energy flux is plotted for L/η = 0.75, 1, 1.5 (the curves from the right to the left
in the regions 0 < zD/L < 1/2, zD/L > 1, and the curves from the left to the right in the regions
zD/L < 0, 1/2 < zD/L < 1).
-1 0 1 2
-1.5
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Figure 1: The VEVs of the diagonal (left panel) and off-diagonal components of the energy-
momentum tensor as functions of the rescaled coordinate zD/L in the geometry of two conducting
plates for D = 4. The vertical dashed lines correspond to the locations of the plates.
4 Casimir forces
From the symmetry of the problem under consideration it follows that the Casimir forces acting
on the left and right plates are equal in magnitude. We shall consider the force acting per unit
surface of the left plate (the vacuum effective pressure on the plate). Having the normal stress, the
effective pressure P is evaluated as P = − 〈TDD 〉zD=0. In the discussion above we have decomposed
the normal stress into the single plate and second plate-induced contributions. Consequently, the
Casimir force is decomposed into the self-action and interaction parts. The self-action force on the
right-hand side of the plate at zD = 0 is determined by the n = 0 term in the expression (32) for
the component with µ = D. Because of the surface divergences in the boundary-induced VEVs
this force is divergent. However, by the symmetry, the self-forces acting on a single plate from the
left- and right-hand sides cancel each other and the net self-action force vanishes (note that this
would not be the case for curved boundaries).
The interaction part of the vacuum pressure, denoted here as P (int), is induced by the presence
of the second plate. It is directly obtained from the expression (32) for
〈
TDD
〉
omitting the term
n = 0:
P (int) =
(D − 1)α−D−1
(4π)(D+1)/2Γ ((D + 3) /2)
∞∑
n=1
{2 [(un − 1) ∂un + 1]FD (un)−GD(un)} , (48)
10
where un is defined by (20). Relatively simple expressions are obtained for odd values of the spatial
dimension. In particular, in the cases D = 3 and D = 5 one finds
P (int) = − π
2
240(αL/η)4
, D = 3
P (int) = − πα
−6
360(L/η)4
[
1 +
5π2
21(L/η)2
]
, D = 5. (49)
For small separations between the plates, that correspond to L/η ≪ 1, from (48) one has the
asymptotic expression
P (int) ≈ −D(D − 1)Γ ((D + 1)/2)
(4π)(D+1)/2 (αL/η)D+1
ζ (D + 1) . (50)
This leading term coincides with the expression of the force in Minkowski bulk with the separation
between the plates equal to αL/η (proper distance between the plates in dS spacetime). At large
separations between plates one has L/η ≫ 1 and for D > 4 to the leading order we get
P (int) ≈ − (D − 1) Γ(D/2− 1)
720πD/2−3αD+1 (L/η)4
. (51)
In both cases of (50) and (51) we have P (int) < 0 and the corresponding forces are attractive. It
is of interest to note that at large separations the force decays as the inverse forth power of the
proper separation for all values of D > 3. As it has been shown in [10], for a massive scalar field
on dS background, depending on the values of the curvature coupling parameter and the mass of
the field, two different regimes are realized, which exhibit monotonic and oscillatory decay of the
Casimir forces at large separations. In the physical problem under consideration the quantum field
is massless and the forces decay monotonically.
By taking into account that η = αe−t/α, we see that the formulae (50) and (51) describe the
behavior of the Casimir forces at early and late stages of the cosmological expansion for a fixed
value of the ratio L/α. At early stages of the expansion, t → −∞, the Casimir force behaves as
P (int) ∝ e−(D+1)t/α. At late stages, t → +∞, the force decays as P (int) ∝ e−4t/α for all values of
the spatial dimension D > 3.
For the study of physical effects induced by boundaries in dS spacetime we have considered
planar coordinates having flat spatial sections. These coordinates only cover half of dS spacetime.
But this does not cause any problem from the cosmological point of view. From this perspective the
background geometry under consideration is just a special case of the larger class of spatially flat
Friedmann-Robertson-Walker-type models, which are relevant to inflationary cosmology. Moreover,
the fact that planar coordinates cover a part of dS spacetime does not cause problems in the
quantization of fields because t = const defines a Cauchy surface and the information from any part
of the dS manifold enters the submanifold covered by these coordinates as an initial condition (for
a recent discussion see [22]). The full dS spacetime is covered by global coordinates with spherical
spatial sections. An important point is that the Bunch-Davies state defines the vacuum states in
both planar and global coordinates. As a result, in global coordinates, the two-point functions and
the VEVs for the region between the boundaries are obtained from the corresponding expressions
in planar coordinates by using the standard transformation formulae for the components of tensors.
Note that in the problem under consideration the planar coordinates are the most appropriate ones
because the boundaries are coordinate surfaces. The latter is not the case in global coordinates
and the equation of the boundaries in these coordinates is complicated.
5 Conclusion
We have considered the Casimir effect for the electromagnetic field in the geometry of two planar
conducting boundaries on background of (D+1)-dimensional dS spacetime. For the Bunch-Davies
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vacuum state the two-point function for the electromagnetic field tensor is evaluated in the region
between the plates. This function is expressed in terms of the boundary-free function by the
formula (10) and the latter is given by (12). We consider a free field theory and all the information
on the properties of the vacuum state is encoded in the two-point functions. As important local
characteristics of the vacuum state, we evaluate the mean field squared and the VEV of the energy-
momentum tensor. These VEVs are decomposed into the boundary-free and plate-induced parts.
For points away from the boundaries, the renormalization is required for the boundary-free parts
only. For D = 3 the electromagnetic field is conformally invariant and the plate-induced VEVs are
expressed in terms of the corresponding quantities for conducting plates in Minkowski spacetime
by standard conformal relations (see (23) and (38)).
In the region between the plates, the boundary-induced part in the VEV of the electric field
squared is given by the expression (21) where the function GD(z) is expressed in terms of the
hypergeometric function by (13). For the proper separation between the plates smaller than the
dS curvature radius, the leading term in the electric field squared is given by (26) and this term
coincides with the corresponding VEV for the plates in Minkowski spacetime with the separation
αL/η. In this limit the mean electric field squared is positive. In the opposite limit of large
separations, assuming that zD, L − zD ≫ η, the leading terms in the asymptotic expansion are
given by (27) for D > 4 and by (28) for D < 4. For D = 4 one has the asymptotic (29). At
large separations, with dependence of D and zD/L, the boundary-induced VEV in the electric field
squared can be either positive or negative. In the Minkowski bulk this VEV is always positive.
For the boundary-induced part in the VEV of the diagonal components of the energy-momentum
tensor we have derived the expression (32) with the functions (33) and (34). In addition, for D 6= 3,
the vacuum energy-momentum tensor has a nonzero off-diagonal component (36) that describes the
energy flux along the direction normal to the plates. The off-diagonal component is antisymmetric
with respect to the plane zD = L/2 and, hence, it vanishes at zD = L/2. In the region between
the plates, the flux is positive for zD < L/2 and negative for zD > L/2. At small separations, the
VEVs of the diagonal components of the energy-momentum tensor, to the leading order, coincide
with the corresponding results for the plates in Minkowski spacetime with the separation αL/η,
whereas the leading term in the asymptotic expansion of the off-diagonal component is given by
(44). In the limit when the separation between the plates is large compared to the dS curvature
radius and assuming that zD, L− zD ≫ η, for D > 4 the terms in the asymptotic expansions are
given by the expressions (45) and (47).
The interaction part of the Casimir pressure on the plates is given by the expression (48) and
the corresponding forces are attractive. At small separations, to the leading order we obtain the
Casimir force for the geometry of two parallel plates in Minkowski spacetime with the separation
αL/η. For large separations and for D > 4, the leading term in the corresponding asymptotic
expansion is given by (51). At large separations the force decays as the inverse forth power of
the proper separation for all values of D > 3. This is in contrast with the case of the plates
in Minkowski bulk where the force decays inversely proportional to the (D + 1)th power of the
separation. Hence, for D > 4, in dS spacetime the decay of the Casimir forces at large separations
between the plates is weaker than that for the plates in Minkowski bulk.
In the discussion above we have imposed the boundary condition which is a generalization of the
perfectly conducting boundary condition for higher-dimensional models. Instead, we could impose
the boundary condition nµFµν = 0 that is used in MIT bag models of hadrons for the confinement
of the color. The corresponding modes are obtained from (2) with the replacement sin(kDz
D) →
cos(kDz
D) and from (3) with the replacement cos(kDz
D)→ sin(kDzD). The further evaluation of
the two-point functions and VEVs is similar to that we have described above. The corresponding
results for the both types of boundary conditions may have applications in braneworlds on dS bulk
with reflecting branes. Bearing in mind further applications in Klauza-Klein-type models with
compact extra dimensions, it would be interesting to generalize the expressions for the Casimir
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densities in the case of a locally dS spacetime a part of spatial coordinates of which are compactified.
The comparison of the Casimir force with the corresponding expression for the geometry in the
absence of compact dimensions would give constraints on the geometry of a compact subspace (for
a discussion in AdS bulk see [16]).
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